The vortex state thermal and transport properties of the high T c copper oxides can be understood in a d-wave gap model and are dominated by the extended quasiparticle states that exist along the nodal directions in momentum space. The Doppler shift on these states due to the circulating supercurrents around the vortex core, introduces new van Hove ridges into the energy dependent local density of states (LDOS) as a function of distance in the region between cores. We emphasize the topology of these ridges and the effect on them of local static impurity scattering in Born and unitary limit. We treat possible orthorhombicity. Effective local scattering rates are also obtained.
I. INTRODUCTION
The theoretical predictions of Volovik 1,2 and Kopnin and Volovik 3, 4 that the low temperature specific heat in a d-wave superconductor would vary as the square root of the applied magnetic field ( √ H) was verified in several experiments. [5] [6] [7] [8] [9] To understand the experimental data it is assumed that the extended quasiparticle states outside the vortex cores can be treated semiclassically taking account only of the Doppler shift due to the circulating supercurrents. To obtain the specific heat, which is a bulk property of the system, it is necessary to carry out a spacial average over the vortex unit cell of the local density of states (LDOS)
which varies as a function of distance from the vortex core center. The low temperature limit of the specific heat depends on the zero frequency limit of this averaged density of quasiparticle states. This quantity is not only affected by the magnetic field H but can also depend on impurity content, 10,11 particularly in the resonant scattering limit. In this limit the theory of a d-wave superconductor without magnetic field predicts a finite, constant value for its zero frequency limit which is proportional to the self consistent effective scattering rate and this leads to the well known universal limit for the transport.
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When the magnetic field is oriented in the copper oxide plane rather than perpendicular to it new anisotropy effects in the specific heat are predicted. 11, [16] [17] [18] In addition transport properties are also affected by the Doppler shift of a vortex state. 18, 19 The thermal conductivity has been particularly widely studied.
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The semiclassical Doppler shift of the electron due to the circulating supercurrents outside the vortex core should also affect the frequency dependence of the LDOS which can be measured in scanning tunneling microscope (STM) experiments. In view of the above successes in our understanding of the thermal and transport properties of the copper ox- The tetragonal case is the subject of section II. Impurities are included. Generalization to the orthorhombic case is given in section III. Section IV deals with effective local impurity scattering rates. A short conclusion is found in section V.
II. TETRAGONAL CASE
In a semiclassical approximation the local Green's function at position r is given in terms
where τ 1,2,3 are the 2 × 2 Pauli matrices, iω n the Matsubara frequencies i(2n + 1)πT, n = 0, ±1, ±2, . . . and T is the temperature. The electronic dispersion in momentum space k is ε k and the gap in the two-dimensional copper oxide Brillouin zone is ∆ k . The electronic Fermi velocity is v F (k) and q s is the momentum associated with the superfluid flow about the vortex. In the magnetic field region H c1 < |H| ≪ H c2 with H c1,2 the lower and upper critical field respectively, and H the external magnetic field taken to be perpendicular to the 3 CuO 2 -planes, the intervortex distance R =
where a is a geometrical factor of order one which is associated with the vortex arrangement, and φ 0 is the fundamental quantum of flux. In what follows, the position r will be measured relative to the center of the vortex core. We use polar coordinates (r, β) with β the vortex winding angle. The dimensionless variable ρ = r/R takes on the value 1 at the boundary of the vortex unit cell. It is expected that R ≫ ξ 0 (ξ 0 is the coherence length) and we will be interested only in values of r > ξ 0 .
Assuming a circular velocity field for the supercurrents around a single vortex, v s =hβ 2mr withβ a unit vector along the current, the Doppler shift
where E H is the magnetic energy scale that enters our problem and is equal to 
where N 0 is the normal state density of states. Note that the Doppler shift of Eq. (2) which enters (3) depends on the magnetic field |H| = H through E H ∼ √ H and on the position of the STM tip away from the vortex core given by ρ and β. We will be interested only in the region where r is outside the vortex core of size ξ 0 . This is mandated by the fact that our approach does not treat in detail the core interior but instead includes only the supercurrents outside the core through the superfluid velocity field v s =hβ 2mr which itself is an approximation. Nevertheless, it is the aim of this work to understand how the presence of v s modifies the LDOS in the region between the vortex cores.
The integral in Eq. (3) 
in Born approximation with t + the impurity scattering rate in the normal state, and
in the unitary limit with Γ + replacing t + of Eq. (4). The renormalized gap∆(φ) =
for Born scattering and∆
in the unitary limit. Here, the two functions Ω(ρ, β, ω) and D(ρ, β, ω) are
and
where · · · φ indicates an angular average over the angles φ around the circular Fermi surface in the two-dimensional copper oxide Brillouin zone.
In the top frame of Fig. 1 we show our results for a d-wave superconductor (tetragonal symmetry) with a gap amplitude ∆ 0 = 24 meV. We take the magnetic field H c-axis, i.e.
H is perpendicular to the copper oxygen planes and the vortex winding angle β = 0
and features the LDOS as a function of ρ and ω. Estimates of the magnetic energy scale E H in YBCO have been considered by Vekhter et al. 17 This quantity is not very well known but best estimates give between
Therefore the magnetic energy scale has been set at 10% of the gap amplitude for illustrative purposes, i.e. ν = 0.1 in our notation and the static impurity content in Born approximation is t + = 0.1 meV, enough to smear out the van Hove singularity but not enough to make 
i.e. to solutions of equation 
which are valid without restriction; in the limit ν/ρ → 0 we find
Numerical solutions can always be obtained and are needed except for a few simple cases.
For ν = 0, no magnetic field, all ω ci = ∆ 0 as expected. At the vortex cell boundary ρ = 1,
i.e. r = R, the three critical frequencies are in units of ∆ 0 1.1, 0.9, and 1.0013 respectively, and at the vortex core which corresponds to ρ = 0.1 for ν = 0.1 these values are 2, 0, and 1.125. These expectations are bourn out in the top frame of Fig. 1 . We note from Eq. (13) that the spacing of the two additional structures away from ω = ∆ 0 goes in the antinodal
i.e. is linear in ν; the shift of the main van Hove ridge from ∆ 0 due to the Doppler shift goes instead like
i.e. is linear in the magnetic field in the limit ν/ρ → 0. Other directions, β = 0 • , will develop other H-dependencies of the spacing of the van Hove ridges which will have to be evaluated numerically in most cases.
Also note the ω → 0 limit of the LDOS. It goes to zero linearly in the H = 0 case but, in contrast, it takes on a finite value when vortices are present. Its value depends strongly on position ρ in the vortex unit cell and increases strongly with decreasing ρ. It is the average of the LDOS at ω = 0 over the vortex unit cell, i.e. the average over ρ and winding angle β that determines the low temperature bulk specific heat and this varies with the value of H.
Franz and Tešanović 26 discuss in detail how this region of small ω can be strongly modified by an in-plane angular dependence to the tunneling matrix element that comes into the relationship between STM measurements and the LDOS itself. These are only the same when the tunneling element is constant.
In the bottom frame of Fig. 2 we show again the same data as shown in the top frame As the STM tip is moved more towards the vortex core, the secondary peak at low energy becomes fairly prominent and also the ω = 0 limit becomes finite as noted before. The topology of the surface N L (ρ, ω) vs. ρ and ω is affected by several external variables such as the magnitude of the magnetic field, the vortex winding angle, the type of impurities involved, i.e. Born or unitary scattering, and its strength as we now detail.
The ridge structure in the LDOS changes considerably as the position of the STM tip is changed. This is illustrated in the top frame of Fig. 3 where we show our result for a winding angle β = 45
• , i.e. in the nodal direction. There are striking differences with the 8 top frame of Fig. 1 . Only two ridges are now seen in contrast to three in the β = 0 • case (the antinodal direction), and the main gap peak around ω = 24 meV at the vortex cell boundary ρ = 1 (at r = R) moves downward in energy as ρ is reduced toward the vortex core. The ω = 0 value of N L (ρ, ω) near ρ = 0.1, i.e. r = ξ 0 , is also much smaller than in the
In the bottom frame if Fig. 3 we show our solutions for the critical values of ω (ω ci , i = 1, 2) which locate the ridges in the top frame. The critical angles φ ci , i = 1, 2 at which the extrema responsible for the ridges occur are also presented as functions of the distance from the vortex center ρ in this frame. It is obvious that geometry strongly affects the topology of the N L (ρ, ω) surface.
Impurity scattering can also affect things in an important way. In Fig. 4 we show results
for the LDOS N L (ρ, ω) as a function of the distance to the vortex core ρ and energy ω for a magnetic energy ν = 0.1, H c-axis, and a winding angle β = 0
This figure is to be compared directly with the top frame of Fig. 1 as the only difference between the two figures is that in Fig. 3 the unitary impurity limit is used, Eqs. (5) and (7), with Γ + = 0.1 meV instead of the Born limit, Eqs. (4) and (6), with t + = 0.1 meV. The structure of the ridges is now more pronounced and the zero frequency limit of the LDOS near the vortex cell boundary is now larger.
III. ORTHORHOMBICITY
YBCO is orthorhombic because of the existence of chains along the b-axis in one of the three copper oxide two-dimensional planes per unit cell. This implies that the gap is in principle a mixture of s-and d-wave symmetry which do belong to the same irreducible representation of the crystal lattice group, and therefore has the form ∆(φ) = ∆ 0 (cos 2φ + s) ∆(φ) = ∆ 0 s + α + cos 2φ 1 + α cos 2φ .
There are no additional changes and the calculations proceed as before with Eqs. (11) and (12) . For the direction β = 0 • , they are replaced by:
with α the effective mass anisotropy parameter defined as 
without restrictions on the value of ν/ρ, and another solution
which is valid only for ν/ρ → 0 and corresponds in that case to φ c near zero radians. We note striking differences in the ridge structure. Now, the two ridges at ρ = 1 and about ω = ∆ 0 (1 ±s) come together as the vortex core is approached and they eventually cross each other before diverging in the opposite direction. The contours for the critical frequencies, As in the tetragonal case (Fig. 4) 
IV. LOCAL IMPURITY SCATTERING RATE
Finally, it is of interest to discuss briefly the local impurity scattering rates which are modified by the presence of supercurrents. Similar work has already appeared in a paper by Barash and Svidzinskii. 27 In Born approximation ℑmω(ρ, β, ω) given by Eq. (4) is given by
where ℜe Ω(ρ, β, ω) is just the LDOS of Eq. (3) modified by the impurity scattering and plotted already in the top frame of Fig. 1 for the antinodal direction and in Fig. 3 for the nodal direction. It is clear then that the Doppler shift accounting for the supercurrents significantly affects the local scattering rates in the same way as they modify the LDOS. The changes due to the supercurrents are very different when unitary scattering is considered.
In this case, we find from Eq. (5),
For a fixed winding angle β defining γ(ρ, ω) = ℑmω(ρ, β, ω) we have for ν = 0.1, H c-axis, and β = 0
• the results shown in the top frame of Fig. 7 where we give a three dimensional plot of γ(ρ, ω) as a function of distance ρ from the vortex core and of energy ω for a system of tetragonal symmetry. This quantity is strikingly different from its Born limit counterpart which just corresponds to the N L (ρ, ω) as plotted in the top frame of Fig. 1 scaled by a constant factor of πt + .
The H = 0 case in the unitary limit is quite similar to the H = 0 case at ρ = 1. The only difference is that for H = 0 there is only one shallow dip at ω = ∆ 0 = 24 meV which does not change position as one moves from ρ = 1 to ρ = ν. It is quite important to notice that in the limit ω → 0 γ(ρ, ω) decreases by almost one order of magnitude as one approaches the vortex core. This means that the supercurrents surrounding the vortex core will also influence substantially the value of the universal limit for the transport.
The equivalent results for a system with orthorhombic symmetry with an effective mass anisotropy parameter α = 0.4 and an s-wave component s = −0.25 to the gap are shown in the bottom frame of Fig. 7 to contrast the results for the system with tetragonal symmetry.
The variation of γ(ρ, ω) in the limit ω → 0 is less dramatic in this particular case.
It is obvious from these results that the supercurrents modify significantly the local effective impurity scattering which depends strongly on ρ. This has already been emphasized by Barash and Svidzinskii 27 in another context.
V. CONCLUSION
In this work we have described the effect of supercurrents around the vortex core on the LDOS and on the local impurity scattering. We have included in the work only the effect of the Doppler shift in a semiclassical approximation on the extended quasiparticles. They also depend on orthorhombicity and are modified by impurity scattering. So far we are not aware of experiments which confirm these predictions. We hope our work will stimulate more experiments. Of course more sophisticated approaches to the structure of a vortex core in a d-wave superconductor are possible. [29] [30] [31] We have already mentioned the work of Franz and Tešanović. 
